The tanh-function expansion method has been improved and used to construct travelling wave solutions of the form
Introduction
It is very important in mathematical physics to seek exact solutions of nonlinear evolution equations (NLEEs). For example, the bell-shaped sech and kink-shaped tanh solutions can be used to analyse and model the wave phenomena observed in fluid dynamics and in plasma and elastic media. There are several approaches to constructing exact solutions, including Lie symmetry group reduction, the inverse scattering, Darboux and Bäcklund transformations, and the Hirota bilinear operator, homogeneous balance and tanh-function expansion methods, which are all incorporated into the transformed rational function method. The tanh-function expansion method is a feasible and particularly powerful algorithm, because one can write solitary travelling wave solutions of a given NLEE as polynomials of hyperbolic functions and transform the evolution equation under consideration into a system of algebraic equations to solve.
Several extensions of the tanh-function expansion method have also been proposed for solving various kinds of NLEEs. These expansion methods include the Jacobi elliptic function, exponential function, Riccati equation, tanh-coth and ¢ G G expansion methods . Many well-known NLEEs have been solved using these methods, such as the KdV, mKdV, Camassa-Holm and the Kaup-Kupershmidt-type equations, and the Jaulent-Miodek, (2+1)-dimensional dispersive long wave and (2+1)-dimensional Hirota systems. In addition, some special-type NLEEs, including the double sine-Gordon equation, the coupled Schrödinger−KdV system and the (2+1)-dimensional Davey-Stewartson equation, require some kinds of pre-possessing techniques because such equations cannot be directly dealt with by these methods.
Let us recall how the tanh-function expansion method works for a given NLEE
By means of a travelling wave reduction
we can transform (1.1) into the following ordinary differential equation (ODE)
The next crucial step is that the ansatz of exact solutions is expressed as a polynomial in the tanh function,
The positive integer n in the expansion can be determined by balancing the highest order linear term with the nonlinear term in the equation under consideration. By substituting (1.4) into (1.3) and equating all coefficients of the powers of x tanh to zero, we can obtain a system of algebraic equations on the parameters, wave numbers and frequencies. Thus, we can explicitly obtain the parameters a j and c, with the help of symbolic computation systems such as Maple and Mathematica.
In order to construct diverse exact solutions, (1.4) can be modified to
Considering that the Riccati equation j x j x ¢ = + ( ) ( ) b 2 admits several types of exact solutions [21] , is only a special case in (1.6). Of course, we can consider more generalized expansion forms [3] [4] [5] 8] for constructing more exact solutions, such as the Weierstrass and Jacobi doubly periodic wave solutions. The paper is structured as follows. In section 2, we study a special-type case that has not been considered, namely n=0 in (1.4) (or (1.5)), by balancing the highest order linear term with the nonlinear term. In section 3, we propose the tanh-function expansion method of implicit function form and apply it to a Harry Dym-type equation as an example. In section 4, we give a short summary.
The tanh-function expansion method with n=0
In this section, we illustrate our approach for dealing with the case of n=0 with two examples. 
Let u(x, t)=U(ξ), ξ=x+ct, then (2.1) reduces to
Balancing between  U and  UU yields n=0, which is not a positive integer. So if we take = ¢ U V , then (2.2) becomes
Furthermore, let This system has a solution So we can get the following three cases which correspond to exact solutions Case 3. α>0. Let u(x, t)=U(ξ), ξ=x+ct, and then (2.11) reduces to
Balancing between ¢¢¢ U and ¢  UU U yields n=0, which is not a positive integer. So let = ¢ U V , and then (2.12) becomes
Furthermore, let V=W −1 , and then (2.13) becomes Thus we can assume that W has ansatz (2.5). Substituting . So we obtain exact solutions which correspond to 
The tanh-function expansion method of implicit function form
In this section, we firstly outline our new method which includes the following four main steps:
Step 1: Using the travelling wave reduction (1.2), namely u(x, t)= U(ξ), ξ=x+ct, we transform (1.1) into an ODE (1.3).
Step 2: We expand an exact solution of (1.3) in the form Here n can be obtained by balancing suitable nonlinear terms and the highest linear derivative term.
Step 3: Substituting the above expansion (3.1) into the ODE (1.3) and equating the coefficients of all powers of j ( ) s to zero, we can get a system of algebraic equations. Thus parameters c, a j ( j=0, 1, L, n), b, d 1 , d 2 can be determined explicitly by solving this system.
Step 4: Considering that (1.6) admits several types of exact solution, we can then obtain various types of exact solution to the evolution equation with implicit function form under consideration.
In fact, all the explicit function expansion methods [2-15, 19, 20] can be generalized to the case of implicit functions ξ=f (s).
In what follows, we consider the Harry Dym-type equation [24] [25] [26] 
by using the above new method. Under the transformation v=u −2 ,(u>0), (3.2) can be written as
Performing the transform u(x, t)=U(ξ), ξ=x+ct, we can obtain
We rewrite this formula (3.4) as
Integrating with respect to ξ once, we have
where h 1 /2 is a constant of integration. Multiplying the above equation by U ξ and integrating with respect to ξ once again, we have
where h 2 is another constant of integration [24] .
, we have -= n 4 2 n 3 , from which n=2. Therefore we can expand an exact solution of the above equation (3.5) in the form according to (3.1). Substituting (3.6) into (3.5) yields a set of algebraic equations with the help of symbolic computation software Maple, Solving the above system by means of symbolic computation software again, we can actually obtain several types of exact solution according to (1.6), The sign of b can be used to exactly judge the type of travelling wave solutions. For example, when b<0, (3.5) admits exact solutions of tanh-function-type (see figure 1 ) and coth-function-type (see figure 2 ) 
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